ALMOST UNIVERSALITY OF SUM OF NORMS 



PARK, JEONGHO 

Abstract. Let ko,ki,k2 > 1 and K,E be abelian number fields of 
degree ki, k2 with {Sk, (5b) = 1. It is sfiown tliat every sufficiently large 
natural number n can be written in the form a*^" + Nx\Q{ct) + N^^q{/3) 
where a is an integer and a, (3 are algebraic integers in E. 



Introduction 

Let / be an integer-valued polynomial in many variables that is locally 
universal, meaning that f{()=nis soluble over Zp for all n and p. It 
is quite often the case that / is not universal or even almost universal as 
indicated by the Brauer-Manin obstruction. The failure of Hasse princi- 
ple, though, can be in some sense recovered if we allow more variables in 
the equation; it is a general phenomena that if a surface S{n) of higher 
dimension defined by -F(^) = n contains the original surface So{n) given 

by /( C ) = n a.s a section, then it becomes almost universal, provided 
their codimension is sufficiently large. The Hardy-Littlewood method gives 
a powerful tool to conquer mostly the best results about the number of 
variables necessary for this. 

Although this analytic method is powerful for many problems of addi- 
tive nature, it has some technical limitations and a factor of log(deg /) is 
invincible in general; most of the results satisfy dim(5(n))/ dim(iSo(n)) ^ 
log(deg/). The term log(deg/) arises from the technical difficulty to han- 
dle the minor arcs. If one considers a specific polynomial that is irrelevant 
of this difficulty, it is provable that log(deg/) reduces to 0(1). 

In the 1960s, Birch, Davenport and Lewis already observed this and con- 
sidered a specific type of fc-forms. Let be a number field of degree k, 
and let Ui, • ■ ■ ,0;^ be an integral basis for K. Denote the norm of XiUi + 
\-XkUJk by Nk{ ). In [3] they considered z'' + Nk{xi, ■ ■ ■ ,Xk) + 
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NEivi, ■ ■ ■ , Vk) under some provisos, whose main result was following theo- 
rem. 

Theorem 0.1. Suppose K , E are not both totally complex, and let 6k, Se 
denote their discriminants. Suppose that, for every prime p dividing both 
5k and 5e, the equation 

(0.1) n = z^ + Nk{xi, • ■ • , Xfc) + NE{yi, ■■■ ,yk) 

has a non-sinigular solution in the p-adic field. Then Ii0.1\) has infinitely 
many solutions in integers. 

The strategy in their work was to follow the routine procedure of the circle 
method, except the treatment of the singular series. A typical way of dealing 
the singular series is to obtain an estimate of exponential sums Sa,q, but a 
norm form Nk{xi, ■ ■ ■ , Xk) has many off-diagonal terms which make it not 
easy to do that directly. In |3j instead, a technique invented by Birch was 
used to get an auxiliary lemma of the type ^„<x Yl'^ a=i \Sag\'^ ^ 

{a,q) = l 

They also showed the positivity of the singular series, but without giving 
an estimate of its range. 

In this memoir we prove almost universality of the polynomial 2;^° -|- 
NkC^) + NeC]^) in a different setting that enlightens several new aspects. 
We treat abelian number fields K, E whose degrees ki, k2 may be different 
and can be totally imaginary as well. We also provide an effective bound 
for the singular series. At the end of the memoir we include a section which 
shows the optimality of our conclusion; the sum of two norms can fail to be 
almost universal even when it is locally universal, as we will give an example 
in section [SI 

The techniques in [5] seems to be applicable to deduce some of our results 
but will not exhaust the contents of this research. On a technical point of 
view, the key features of this memoir are the estimation of the exponential 
sum Sa,q using local class field theory and the use of restricted sum which 
gives an estimate of the singular series, by removing solutions that are p- 
adically singular for a bad prime p. 

In section [2] we reduce the integration over major arcs into the singular 
series and singular integral. The estimation of the singular series comes in 
three subsequent sections. Section [3] covers the exponential sums over bad 
primes. Section H] gives some basics about algebraic number theory, which 
will be used in section [5] to design a particular system of representatives of 
Ok/p^Ok and by doing so to obtain a successful bound of Sa,pL for nice 
primes p. Section [6] gives a fairly classic argument on the singular integral. 
We omit the estimation on the minor arcs because the reasoning in ^ carries 
over verbatim. 
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1. Notations and Settings 

Let K and E be abelian number fields with ring of integers Ok, Oe and 
integral bases {tpi, ■ ■ ■ , ipki} and {ipi, ■ ■ ■ , ^^2} whose discriminants Sk, 5e 
are relatively prime. Since {Ski^e) = 1, for each rational prime p at least 
one of the inertial groups %k{p): ^e{p) is trivial. Suppose '^k{p) is trivial. 
It is the cokernel of the norm map in a part of the statements of local 
class field theory, and we know that Nx\iq{Ok*) is dense in Z*. Therefore 

NrC^) + NECf ) = NkiqC^ ■ T^) + NE\q{^ ■ ijj) is locally universal. 
Throughout this paper we write 

= F{zo, ^, t) = z^' + iV^(^) + NE{t)- 

e{a) denotes e^'^*" and Vp denotes the p-adic valuation as in tradition. P 
denotes the set of rational primes. We put Q = YlpefP where 

P = {peP : p< {hk2f''° or p\5k5e }■ 

In particular 1 <^ Q <^ 1. 

Let be a system of representatives modulo q such that for any 
prime p in P that divides q, one has Nxi^) ^ (mod p). is defined in 
the same manner, and let Rq be a system of representatives = [zq, 1^) 
(mod q) with 2^ G R^ , ^ G R^ . Note that \Rqr\ = |-Rg||-Rr| if {q,r) = 1. 
For brevity in the sequel we write ~^ = Rg for an integral vector ~^ if 
~^ = ~^ (mod q) for some ~^ G Rg. Observe that ~^ = Rg for all > 1 if 
and only if ^ = Rq. 

Throughout this article we let k — ra.ax{ko, ki, and Xi = n^/''\ In 
the definition of major and minor arcs, we consider the Farey dissection of 
order n^'" where is a fixed small positive number, in particular, less than 
^. For a technical reason in the estimation on the major arcs, we need to 
choose small boxes in [0, 1], [0, 1]*^^ and [0, 1]*^^ that will be determined 
later. Let 53 = ®o x <Bi x 0^2 and let Xi^i = : G QS^}. The 

restricted sum is defined over 

*B^(n) is defined similarly using XiQSi QZ^^^ and Rq, and so is *8^(n). We 

want to estimate the number of solutions to F{^) = n with ~^ G ^(n), 
viz, 

/l+c 
e{aF{'^))e{—na)da 
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for some real number c. 

For simplicity we write ^ to denote the summation over a that 

runs through 1 to g under the condition (a, q) — 1. We choose the major 
arcs for 1 < a < g < n'^ and (a, q) — 1, given by 

Wl{q,a) = {a : \a - a/q\ < 71-^+"} 

m=\J U m{q,a). 

q<n'' a mod* q 

and the minor arcs m = {"ny'^, 1 + 'ny~^\ — Note that 9Jt is a disjoint 
union of the segments 971(5, a). 



2. The Major Arcs 
For each rational prime p and (a,p) = 1, let 



mod I^gRK 

p 



L and ^ are defined in the same manner. For (a,q) — 1 we also put 

Let K{q) be the squarefree kernel of (g, Q). 
Lemma 2.1. Assume < n'^"^, 1 < a < g < n*^, (a,g) = 1. T/ien 











Ql+ki+k2 




ql+ki+k2 



Proof. Let q = lcm{q, Q) — and write ~^ — q"^ + < 6^ < q. 
Let >l(q,T) = {1/ e Ri+fei+fe2 . + e XqQSo x XiQSi x X2QS2} and 
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^(q, 't) = A{q,~^)f]Z^+''^+''\ One easily has 



fo S-Rq "S'eA(q, b ) 



Let /i : Mi+'=i+'=2 ^ C be a map defined by h{lf) = e(/3F(q^ + "?)). If ~^ 
is an integral vector near if so that \r]i — ai\ < 1/2 for all < i < ki + k2, and 
M is the supieiiium of the absolute value of directional derivatives of hCrf) 

for if e A(q, ~^), then clearly \h{lf) — h(~^) \ <^ M. Observe that any con- 
vex body U C ^(q, b ) can be divided into unit boxes together with at most 

<^ i^T' i^T' + ^ + ^)) Possib^^ broken boxes. Hence 



A{q,b) 



h(lf)dlf 



E ^(^) 



XoX^X2^2 / I 1 1 \ . 



where 



is the Lebesgue measure of 74(q, h). Here 



f,l + fel+fe2 ' 



sup|Mt)| = l, 



and 



^« E 



< q|/5| (Xo'°-' + Xi'i-^ + X!^'-') < q|/3|n^-'/*^ 
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which gives 



~^eA{(\, b ) 



^2+l/A:o 



^2+1/feo-l/fe 



qfei+fe2 qfei+fe2 



^2+l/ko-l/k+u 



Writing q"?/ + = 



l^h{-t)dlf^ /L^e(/3F(q^ + "f))ci^ 

oxXi<BixX2932 

1 



ql+fel+fc2 



qi+fei+fe2 



Since q = one has 



6 G-Rq 6 6ilo 

It follows that 



E;((r.)^(^)) 

_J^^Ms}^J^r(B) , o (\R 





Rq 




-ffc2 C 

>Ja,q 


Ql+ki+k2 




ql+ki+k2 



and the lemma follows. □ 

We introduce typical notations for the major arcs now. Compared to 
the classical ones, the singular series contains some additional terms in its 
summands as we use the restricted sum over 
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a mod* \ H / 



vl+fcl+fc2 



In particular = 1. Possible issues on the convergence of x„(p) will 

be clarified later. We also define the singular integral 



Z{c) = I / e(7F(t))rf?e(-7)rf7- 



Theorem 2.2. 

(2.1) / e{aF{^))e{-na)da 

\R 



Q 



Proof. Let -^(c, ra) = J'^^I{f3)e{—n(3)df3. Note that there are 0{in?^) pairs 
(g, a) in the major arcs and each interval ^{q,a) is of length 2n'^~^ . From 
lemma 12.11 



l+fc 
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Put = (XoCc^iCi, ■ ■ ■ ,^iCfei,^2Cfci+i, ■ ■ ■ ,^2Cfci+fc2) and 7 = so 
that (3F{1^) = -fF(t). Then 



^(y~^,n)= I / e{(3F{l^))dl^e{-n(5)d(3 

n 



and follows. □ 



3. The singular series I 
Lemma 3.1. If {q,r) = {a,q) = {b,r) = 1 then Sa,qSb,r = Sar+bq, 

Proof. Write ^ = {zq, it, if) and ^ = (^o, '(^, 




-F{^) + -F{a) 
q r J 

-it E E E E^(^^(^) + '^(?) 

20 = 1 Co = l ^efiA' -^gijA- jjB ^gj^B 

Let So = '"^o + qCo so that Sq takes every value modulo qr. Since q e is 
a unit modulo vOk, for any 1^ G -R^ one has Nxiql^) ^ (mod p) for all 
p & P that divides r, i.e., g"c^ = Because the map "ci" ■ (-> gTJ" ■ 
gives a bijection between systems of representatives of Ok modulo rOx, we 
obtain a bijection qR^ — )■ In the same manner, the set 

{it = r^ + q-^ : e , ^ e R^} 
is bijective to R^^ and so is 



E E 

^ X — > « 
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to Rgj,. Therefore 

EE E E E E'(^n^) + '^(«: 

zo=i ?o=i if eiJf -^eRf V6«f ~$eR^ 

q r 



E E ^ (^^-(^) + 



which is E^eH,. e (^F(^) j = 5,.+,,,,.. □ 

An immediate imphcation of lemma 13.11 is following 
Corollary 3.2. If{q,r) = 1, then A„(g)A„(r) = y4„(gr). 

Observe that we obviously have — j — j — = -^^^4 1 — tor 

(g, r) = 1. Hence if we assume the convergence of lim^^oo &{t, n) = (3(oo, n) 
which will be established later, we get 

&{oo,n) = Ylxnip)- 

Let Mn{q) be the number of solutions to F{~^) = n (mod q) with ^ G Rg. 
Lemma 3.3. For L > 1 



Proof. Let q = p^. It is obvious that -Rp»n can be constructed from Rp for 
any m > 1, namely 

Rpr^ := {1^ mod : ^ = 
so that p^t'i+'LTlfca) = pilfcrifca • For d = p\l < L, write 



a/t/ ^^^^^^ _ ) rf^^+'=^+'=^lM,/d if ^ g 
-Rgl if (i = g. 
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It follows that 



d\a a=l ^ 



aid 

1 

q/d 



{a,q)=d 



( 



L-1 q 



I 



1=0 a=l 
\ (a,9)=p' 



Q 



ki+k2 



L-1 q 

i=0 a=l V-f^ / \ 
\ (.a,q)=p^ 



a/p^ \ \Rq 
n] + 



l+fel+fe2 



fel+fe2 



E E 

^=1 a mod*p' 



^a,p' 



pl(l+ki+k2) y p 



e — tIT- + 



\Rn 



,l+fcl+fe2 



l+*;i+fc2 



+ i„(p) + Anip") + ■■■ + 



□ 



The estimation of An{p ) for p e P uses next lemma. 

Lemma 3.4. Let /(^) be an integral polynomial in t + 1 variables for 
which ^ = (Co)Ci)""" Xt) 'is a solution to /(^) = n (modp^''). Assume 
there is some component Q such that Ui — Vp y ^g^^ 1"^="^) — 

Ni{M) be the number of solutions ^ modulo p^ such that = Q (mod 
p2ui+ij y^j, j _^ ^. ^ Q (^^Qd pUi+i^ /( ^ ) = n (mod p^). Then 

Proof. Without loss of generality, assume i = and let Aq = ^'^^ l^="c ' 
Ao(a, 6, c, ■ ■ ■ ) = |^=(^o+p^o+ia+p«o+2b+...,Ci,-,Ct)- Note that 



Vp{Ao{a,b,c, •••))= 
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for all a, 6, c, ■ ■ ■ G Z. The Hensel's lemma can be applied to this situation 
in a form that starts from a higher power of p: 

/(Co + p"°+'^o, Ci, ■ ■ ■ , Ct) ^ fit) + Aop"°+'^o mod p2-o+2^ 

/(Co + p"°+'^o+p"''+'4,Ci,-- - ,Ct) 

= /(Co + p"°+'^o, Ci, ■ ■ ■ , Ct) + Ao(zo)p"°"''4 mod p2«o+3^ 

And this process goes on. Thus for any ^i, • • • , modulo with = Q 
(mod p2Mo+i^^ there exists a unique r modulo p-'^-^uo-i g|J^Q]2 tJ^at 

/(Co+p"«+V,ei,--- = mod p^'. 

Observe that this r can be lifted to a number modulo p^^-"o-i puo distinct 
ways. The value of Nq(M) easily follows by counting the choices of ■ ■ ■ 
and Co + p^°~^^r modulo p^. □ 

Let 7 = 7(p) = mm{vp{ki),Vp{k2)}. 

Lemma 3.5. If p G P then An{p^) = for all L > 27 + 1. 

Proof Note that p(''^+''^)LA{p^) = M„(p^) -p^^+^W„(p^-i) for L > 2. We 
show that all of the solutions that are counted in Mn{p^) and Mn{p^~^) 
cancel out if L > 27 + 2. Assume 7 = Vp{ki). Suppose ^ = (2:0, a^, V) ^ 
is a solution counted in Mn{p^) where p G P. Let G = Gal{K\Q). 
Then Nk(J^) = HasG (^I'/'i ^ ^k^Vl^)^ and we have 

q1 = e < n (^1^1 + ■ ■ ■ + ^^i^^i) 



Tr 



, o-gG , 



NK{'^)TrK[ 



xicpi H Xkiffki 



Hence 

Xi 



dxi dxk^ 



But G Rpm, i.e., NxClt) ^ (mod p) which implies ^^q^. ^ ^ (mod 
p'^^^) for some z. As described in the proof of lemma |374| this solution ~i' is 
one of the lifts of C ^ Rp2j+i when m > 27 + 1 and so the solutions ^ G RpL 
and z' G RpL-i that are counted in Mn{p^) and M„(p-^~^) are all lifts of 
the solutions ^ G Rp2i+i . Lemma 13.41 shows that the number of such lifts 
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grows by a factor oi p^^^''^ ^qj. g^cj^ increment of m in the modulus for 
m > 27 + 1. Thus all of them are canceled in M„(p^) - p''^+''^ Mr^ip^'^) . □ 

The estimation of An{p^) for p ^ P is a bit more complicated. Contrary to 
the classical problems in additive number theory for which the exponential 
sum Sa^pL splits into the product of many exponential sums over single 
variable, S^^l does not behave in the same way because Nk{'^) has many 
off-diagonal terms of the form . Instead of obtaining a bound of 

exponential sums over a single variable, therefore, we focus on the properties 
of the norm map A^i^ |q and it is here that the class field theory plays a role. 
A successful bound for l comes in following sections. 

4. Algebraic lemmas for the singular series 

For the estimation of the exponential sum Sa,q^ wc translate the sum- 
mands "af" in S^^i^ to a system of well-chosen representatives of the quotient 

ring Ok/p^Ok- 

Lemma 4.1. Let e,f,g be the ramification index, inertial degree and de- 
composition number of p in K\Q and write pOk = P1P2 " " "Pg- 

( a \ 



\Pr 



and for each m with 1 < m < g, let {r^\r^\ ■ ■ ■ jr^^/i} be a system of 
representatives of Ok modulo p^. Then 



Proof Let G = Gal{K\Q). We first recall that NkC^) G Z[xi,-- - ,Xk,]. 
Indeed, the coefficient of each term x"^ ■ ■ -a;^*^ in NkC^) = Ylaeoi^'^Vi + 
■ ■ ■ + ^kiVk ) is an algebraic integer which is invariant under every a G 
G, so it is a rational integer. Hence for any integral vector "tf that is 
congruent to modulo p^ one has Nk(^) = Nk{1^) (mod p^). Since 

xi(f i + ■ --Xk^ipki = viipi H Vk^ifki (mod p^Ok) if and only if Xi = Vi 

(mod p^) for all i, clearly 



for any system TZ of representatives of Ok/p^Ok- 
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We may work on a more general situation like the following. Let /, J 
be integral ideals of Ok that are relatively prime and g, r be their absolute 
norms. Note that g,r need not be relatively prime. Let {ti, ■ ■ ■ and 
{■Ui, ■ ■ • , Ur} be systems of representatives of Ok 1 1 and Ok/ J ■ Suppose we 
put Vi^j = /3ti + auj for some a E I, (3 E J. Then Vij = /3ti mod /, and 
hence Vij = Viij mod / -v^ — tj/) G /. If /3 + / is not a zero divisor of 
Ok/ I-, this is equivalent to ti = tii mod /. Thus fjj- for l<'i<q', l<j<r 
form a system of representatives of Ok/ I J if and only if /3 + / and a + J 
are not zero divisors in Ok /I and Ok/ J respectively. 

Because I and J are relatively prime, I + J = Ok and there exist a G / 
and /3 G J such that a = 1 mod J and /3 = 1 mod /. 1 + / is clearly a 
unit in Ok /I (in particular, not a zero divisor). The existence of a, /3 that 
satisfies the conditions mentioned above follows from this. 

As an obvious generalization, assume are integral ideals that 

are relatively prime and let i/„ = Ar(/(-)). If {r^;^\r'f'\- ■ ■ ./Z' } is a 
system of representatives of Ok/I^"^\ there exist a^^\ ■ ■ ■ , a^^^ with a*^™-* G 
YVi=i for which a^"^^ + J*^™-' is not a zero divisor in Ok/I^"^^ for all m. 

Writing = a'-^'^V-^^'' + h the set 

{Wn,-,i9 : 1 < ^1 < '^i, • • ■ , 1 < «5 < '^g} 

forms a system of representatives of Ok/I^^^ ■ ■ ■ I^^^- With the substitution 
= and the choice of a^"^^ as stated in the lemma, a*^™'^ is trivially 
not a zero divisor of Ox/Pm • This completes the proof. □ 

The following is a well-known fact in algebraic number theory (for exam- 
ple, see chapter 8 of |8J.) 

Proposition 4.2. Let p be a nonzero prime ideal of Ok and m > 1. Let T 

he a system of representatives of Ok modulo p containing 0. Let t G p\p^. 

is a system of representatives 

of Ok modulo p™. 

Let e, /, be as in lemma 14. 1[ We want to choose a system of repre- 
sentatives of Ok modulo p^ in a nice way. Consider the ideal class group 
C of and a class [/] G C containing /. An analogue of Dirichlet's theo- 
rem on primes in arithmetic progression is that the prime ideals of Ok are 
equi-distributed among ideal classes in C on a probabilistic point of view 
(chapter 11 of [7]). We simply take a weaker form of this for granted that 
every ideal class contains infinitely many prime ideals. 

Firstly, consider [pi] G C. Then there is a prime ideal ai such that 
[oi] = [pi]^^ in C and gcd{ai,pip2 ■ ■ -pg) = Ok- Now piOi is principal, say. 
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tOx and for m 7^ 1 







\ 








\ 




(1 








= /cm 






\ Pm 














) 





til 11 



\Pr 



7^ 



(m) 



G af pf 



whence one can choose a^"^^ G | af^ 11^=1 Pi'^ ) \ Pm, i-e., 

f'^Ox and G O^c for m = 2, 3, ■ ■ ■ , ^. 

Similarly, we can choose Oi, 02, . . ., a^, so that pja^ = tiOx is princi- 
pal and gcd{ai, pip2 ■ ■ -pg) = Ok for all i. In particular G pj \ and 
Vp{NK\Qiti)) = f. By the infinitude of the prime ideals in every ideal class, 
we can in addition assume (aj, a^) = Ok for i ^ j. It follows that there 
exists an element 

n 



a^""^ G 



I i=i 



\Pr 



for each m so that 



a 



(m) 



nti tf 



EOkX Pm- 



Let T^^\ ■ ■ ■ , r^^) be systems of representatives of Ok/Pi, ■ ■ ■ , Ok/Pq that 
contain 0. In the estimation of S^^l later, we choose the representatives 
that are of the form 



(4.1) 



m=l 



where sf"^ G T^™). 



5. The singular series II 

Let 7?. be a system of representatives of Ok/p^Ok and 71* = {r ^ TZ : 
P t NK\Q{r)}. Let e, /, g be as in lemma Wl] Note that "S^pi = S^^^ if 
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Lemma 5.1. Write S^r = S^'\ + S^'\ where 

a,p^ a,p^ a,p^ 



(1) //L < / then = Ef=i(-1)'-' (!)/^^-^^ 

(2) //L > 1 andv\'k\ then Sf^i = 

(3) If L = 1 and p is unramified in K\Q then S^'^^ = 

Proof. Assume L < f. Since p \ NxiQi'y) if and only if p^ \ A^x|(q(7), 
in this case (S'^^i merely counts the number of nonunits of Ok/p^Ok = 



Ok/Pi ■ ■ 'Pg- Let T be the number of nonunits in Ok/pOk- The number 
of units in Ok/pOk is {p'^^ — p'-*^"^-*-^)^, so 

rr ki r ef (e-l)f\9 fci efn -f\9 

1 = p ^ — [P ■' — p^ ) =p^— p-'^ll— p-") 

9 



and S^^^l = pi^-^)^^T = ELi(-l)^~'(!)p'^^-*^- 

As for S^pi, first assume L > 1 and p\ki. Let 1^ be given by 7 = "a?^ ■ 

Since p \ ki, p \ NkC^) implies that there exists i such that ^^g}^^ ^ 
(mod p) as shown in the proof of lemma 13.51 If m is any integer such that 
m = Nxi~^) (mod p), lemma |3^ shows that the number of it modulo p^~^ 
satisfying Nk(J^ + pit) = m (mod p^) is Thus 



"af mod D z—1 



"af mod p 
p\Nk{'^) 



0. 



Now assume L = 1 and p is unramified in K\Q so that A'x|Q(r) takes 
every nonzero value modulo p. Considering Nxiqiru) for -u G 7^*, it is easy 
to see that the number of r G 7^* satisfying N^iqir) = m (mod p) is the 
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same for each value ofm = l,2,---,p— 1. It follows that 

V- / ^^ (p'f -p^'-'^fy ^ fa 



-m 



p — 1 

{pf - ly 



p — 1 



□ 



We include a classical bound of an exponential sum for convenience. Let 



Lemma 5.2 (Theorem 4.2 of [9]). For (a, g) = 1, < g 



l-l/fco 



Let e, /, (7 be as in lemma Wl\ ti, ■ ■ ■ , tg and a^^\ ■ ■ ■ , a*^^) as described 
in section HI Choose a system 71 of representatives of Ok/p^Ok whose 
elements are of the form given by (14. ip . 

Lemma 5.3. Let p ^F. For L >1, 

Proof. We prove the first inequality. Write L = uf + v,l<v<f and let 
T^m = {r ^ TZ : r G pm}- The case L = 1 easily follows from lemma [5?T] 
and 15. 2[ so we assume L > 1. Since p\ ki, by lemma 15.11 and the inclusion- 
exclusion principle 

qK _ qK,2 

a NKiQjr) 
pL-f p.f 



1=1 ii,--- ,ii=l rppi' , 7? . 



where 



EHi, ■■■ = e{ ' Nk 



p'^-'f p'f "'^V^n^.. 

Let a(jj^...^jj) = Q -'^^iQ^^p^'a gy choice of 7^, we have (a(jj^..._j;),p) = 1 
and . / . E Ok when r G flL-i "^i™- Observe that . : r G 
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nL=i'^«m} ^^'^s through a system of representatives modulo p^^^^Ox by 
pifki-if times. Thus we can write 



,L-lf- 



h,— ,ii = l 
h<---<il 



Let M{x) be the maximum value of |5'^x| among all 6 ^ (mod p). Then 
Kp^\ < Q/^'^-^^M(L - /) + Qp^/('=-^)M(L - 2/) + . . . 

Let 9(^x) = Ok{x) be the smallest number for which M(x) < p^^^i-i+^c^)). It 
follows that 

< ■ max I (^^^p'"^('=-i)M(L - m/)| 

5' ] „m/(fci-l)+(i-m/)(fci-l+0(i,_„^)) 



< g ■ max < no 

m \m 



m I 

whence for some m 

?Ti ~1~ 1 

L{ki - 1 + 6'(L)) < L{ki - 1 + 6'(L_m/)) + mf{-9(^L-mf) H ^log^^f) 



or 



L9(^L) < max {(L - mf)9(^L~mf) + (m + 1) logpgf} . 
Inductively, one immediately has 
(5.1) (uf + v)9^uf+v) < v9(^^) + 2u\ogpg. 

Assume v = 1 first. By lemmaEH S^^^ = -^^^ + ^i=i(-l)'"H?)p'''~^-^- 
Here 

P — I ^ 

and observe that < Ef=i(-l)*~Ui)p'''~'^ ^ gp^^'f . Thus 

l^^pl < maxIp'^^-i+'^SpS^ gp^'^^] < A;i/^-i =p'=i-i+^°Spfci_ 
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Now assume v > 1. Then 



I ^a,p^ I 



i=l ^ ' 



and 1 — ^ + < where the equahty holds when v = f. We have 

proved that i)6'(„) < log^ ki in both cases; hence from (15.11) 



logpfci + 2Mlogp(7 (2n+l)logpfci 
< S — ; < / log fci. 

□ 



The next one is an immediate corollary. 

Lemma 5.4. If p ^ F then there exists an absolute constant 6 > such 
that An{p^) < (^ryr+T- 

Proof. Since Sa.pL = Sa,pL for p ^ P, by lemma 15.21 and 15.31 

L(-fci-fc2+{l-^)+(fci-l+21ogpfci)+(fc2-l+21ogp fca)) 



L 

< p \ "0 

and 2 log^ kik2 < ^ because p ^ P. □ 
Now the singular series is estimated. 

Theorem 5.5. There exist positive absolute constants c\, C2 that depend 
only on K and E such that ci < &{n^ .,n) < for all sufficiently large n. 

Proof. Since 1 < '^^''^^i!' ^ < ^ i*"^! ^ ^ 1, the absolute convergence of 

lim &{t,n) = &{oo,n) 

t—>ca 

follows from corollary 13. 2[ lemma 13.51 and 15.41 More precisely we have 

\&(oo,n) - &(n'',n)\ < 

so it suffices to show that < ci < &{po,n) = YlpepXriip) < for some 
constants c\ and C2. 
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For n ^ P, -5^775 — j — = 1 so lemma 15.41 gives 

\^k{p)\ 

oo °° 1 1 

\Up) - 1| < E « E T^IuT^ « ^ 

L=l L=l ^ ^ 

which imphes that there exists a prime po depending only on K and E' such 
that 

2 < n ^"^p) < 2' 

p>Po 

Suppose p < pq. Recall that every prime p is unramified in at least 
one of K\Q and E\Q, so assume p is unramified in K\Q. For L > 2, 
Mn{p^) > Nn{p^) where 

Ar„(p^) = G : F{'t) = n mod A^i^(^) ^ mod p} 

As in the proof of lemma [STT] the number s{m) of "a?^ modulo satisfying 
NrC^) = ^ (mod p^) is the same for all m ^ (mod p). Since there are 
{p-f — units in Ok/p^Ok = pf ■ ■ ■ p^, it is easy to see that s(m) = 

^'''^^p-i)pL-i ^ ■ Let h{L) be the number of {zq, 1^) modulo p^ such that 1^ G 
i?^^ and 4" +iVE(^) ^ (mod p). For each t RpL, if NE{'t)-n = 
(mod then there are — zqs counted by h{L). Otherwise there are 
at least p^'^ Zq's, so h{L) > \R^r^\p^-^ = jt follows that 

iVn(p^) > s{l)h{L) > 



> (p- 1)^1-1 1 i^jlp^'^i 



+fc2)(L-l) 



Let e', /', g' be the ramification index, inertial degree and decomposition 
number of p in E\Q. Then 



and hence 

p{ki+k2)L — 2'^2pfci 

Now write Xn'^P) = J2f=n ^^nT~~T~^"(^'')- lemma 



\j^K.{p)\ P \j^K{p)\ ^ P 

and so Xn(p) > > 0. 
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As for the upper bound of Xn{p), if p G P then lemma 15751 and IX^ gives 

Xn[P)- 2^ ^ ^n[P)- ^ „(fci+fc2)(27(p)+l) 

l+fci+fc2 ID |„{l+fci+fc2)27{p) 

< P \-^P\P = „27(p)+l 

- I^^l p(fci+fc2)(27(p)+l) ^ 

If p ^ P, converges absolutely by lemma I5.4[ As the bound in 

lemma [53] is independent of n, one can choose an upper bound Up of Xn{p) 
that depends only on K and E. Therefore 

1 -TT ^ 3 -TT -TT 

ci = - JJ Up < 6(oo, n) < -(/ci, A;2)^ JJp 11 ^ ^2- 
p<po pep P<Po 



□ 

6. The singular integral and minor arcs 

The following proof is basically from [6] . 

Theorem 6.1. We can choose ^ so that Zi^'^) — 5o > as n ^ oo. 

Proof. Choose small positive numbers 0i, ■ ■ ■ , (t)ki+k2 so that the real value 
00 that makes 4)^° +Nk{4>i, ■ ■ , (pki)+NE{(pki+i, ■ ■ , 4>ki+k2) = 1 is positive, 
not equal to 1, and hence 

dF/d<Po^O and Nk{<Pi, ■ ■ ■ AkJ + NE{(j)k 1 + 1, ■■ ■ , 0fci+fc2 

Then = (0o, ■ ■ ■ , ^fci+fe) is a nonsingular solution to F( ) = 1. Let 
*B be a box centered at with side lengthes 2A. Write 

J — fj, J *B 

sin27rMi^(?)-l) ^^ 

^ dC 

^ vr(F(C)-l) 

sin27rM^(? + ^)-l) ^^ 

Write ^) - 1 = co^^o + ■ ■ ■ + Ck,+kA.+k, + P2(^) + ■ ■ ■ + PkC^) 

where Pm{ ^ ) is a homogeneous polynomial of degree m. Note that Cq = 
dF/d6o\-^^-^ = /i;o0o° ""^ 7^ 0. Now for ro,ri,r2 G M consider the equation 

ro'Vo'" + A^x(0i, ■ ■ ■ , 0fcj + r','NEi(Pk,+i, ■ ■ ■ , 0^1+^2) -1 = 0- 
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Since both of 0o and iVi^(0i, ■ ■ ■ , 0fcJ+iVE(0fcj+i, • • • , ^fci+fcz) are nonzero, 
one can choose Tq, ri, r2 > such that /co('^o0o)'^°~^ = 1 and still satisfying 

F{rQ(f)o,ri(f)i, ■ ■ ■ ,ri(f)k^,r2(f>kr+i, ■ ■ ■ ,r2(f>kr+k2) -1 = and 
-/Vi^(ri0i, • • • , ri4>ki) + NE{r2(pki+i, ■■■ , r2(pki+k2) 0. 

So we can assume Cq = kQ(f)^~^ = 1 from the beginning. 

For I I < A, we have \F( (/> + ) — 11 < ci where a = o"(A) is small for 
— )■ ^ 

small A. Put F{4> + ^ ) ~ ^ = t, and consider this as a map from 6*0 to t. 
Then, if A is sufficiently small, the inverse function theorem tells us that Oq 
can be expressed in terms oi t,9i, - • ■ , 9ki+k2 as a power series 

9o = t — Cl9l — ■ ■ ■ — Cfci+fc2^fci+fe2 + "^(^5 ^1; ■ ■ ■ 5 ^fci+fc2) 

where P is a multiple power series whose least degree terms are of degree 
at least 2. Hence d9o/dt = 1 + Vi{t,9i, ■ ■ ■ , 9k^+k2) where Vi is a multiple 
power series without a constant term. By taking A sufficiently small, we 
can make \Vi{t, 9i, - ■ ■ , ^^fc^+fca)! < 1/2 for \9i\, • • • , |^fci+fe2l < \ < cr- A. 
change of variable from 6*0 to t gives 



J-x j-x 7r(F(7 + ^) - 1) 

/'^ sin27rui _ , , 
—V{t)dt 



where V{t) = ■ ■ !\ (1 + 6*1, • • • , Qki+k2)) d9i--- d9k,+k2 and we 
wrote a ~ 6 to mean that the limit of their ratio equals 1. 

V{t) is clearly a continuous function of t for \t\ sufficiently small. We also 
observe that V{t) has left and right derivatives at every value of t, and these 
derivatives are certainly bounded for i in a small confined region. Therefore 
by Fourier integral theorem one has 

lim ^iii) = hm r "'"^f^V (t)dt = V{0) =: ^o- 

But 

\vm = 



/ (1 + ^i(0, 6*1, • • • ,9ki+k2)) d9i- ■ ■d9ki+k2 

A J-X 
> J ■ J -^d(^l ■ ■ ■ d(^ki+k2 



i-x J-x 
> 

and the theorem follows. □ 
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We merely state the estimation on the minor arcs, which can be easily 
seen in [3]. 



Theorem 6.2. There exists 6 > that depends only on K and E such that 

E ■ 



I e{aF{-t))e{-na)da^n}+^'^'''^. 



7. Conclusion 

By theorem 12.21 15.5[ 16.11 and 16.21 one has 

Theorem 7.1. The number of representations, r{n), of n in the form Zq" 
NkO^) + ^e(^) with ^ = (^0, a^, V") ^ ^{n) satisfies 



r(n) 



where K CJo HpeP ^^(p) ^■ 

8. The optimality of two norms and one variable 

In this section we give an example which demonstrates the failure of local- 
global principle in the equation Nk{~^) + NEij^) = n, using an integer 
valued quadratic form. The famous 15 theorem and 290-theorem classify 
all of the universal quaternary quadratic forms ([2] and P), and Oh and 
Bochnak provided a complete classification of almost universal ones ([Ij). 
Let / = f{x,y,z,t) be a quaternary quadratic form. / is said to be p- 
isotropic if it represents zero nontrivially over Zp. 

Theorem 8.1 ([4]). For any positive definite integral quaternary quadratic 
form f , the followings are equivalent: 

(1) f is almost universal 

(2) / is locally universal and, either 

(a) / is p-isotropic for every prime number p, or 

(b) / is 2-anisotropic and represents every element o/{16, 32, 48, 
80, 96, 112, 160, 224 }, or 

(c) / is equivalent to one of the following four forms 

• + + + lOt^ (5- anisotropic) 

• + 2|/^ + "iz^ + + lyz (5- anisotropic) 

• + y'^ + 3z^ + (3-anisotropic) 

• + 2y^ + 4z^ + 7t^ + 2yz (7- anisotropic) 

Here we borrow some of the basic theories about quadratic forms from [5] . 
Recall that one can readily assume a quadratic form to be diagonal, so we 
consider only diagonal ones in this section. Let (a, b) = (a, b)p = (^"'^) = ±1 
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be the (Hilbert) norm residue symbol so that (a, b)p = 1 if and only if 
ax^ + 6?/^ — 2;^ is isotropic in Qp . 

Proposition 8.2 (Lemma 2.6. in |5|). Let f = aix\ + ■ ■ -a^x^ with aj G 
Qp. A necessary and sufficient condition that the quaternary form f he 
p-anisotropic is that it satisfies both of the following conditions: 

(1) dif) e (q;)2 

(2) c(/) = -(-l,-l) 

where d{f) is the discriminant of f and c{f) is the Hasse-Minkowski in- 
variant, given by c{f) = Cp{f) = Yli^j{ai,aj). 

Proposition 8.3 (Theorem 1.1 in ^). Let n{f) be the number of variables 
in f . Suppose p ^ 00. Then n{f), d{f) and c{f) form a complete set of 
invariants of the equivalence class of f . 

The followings are well known properties of the norm residue symbol. 

Proposition 8.4 (Lemma 2.1. in [5j). (a, 6) = (6, a), (0102,6) = {ai,b){a2,b) , 
(a, 6162) = (a, bi){a, 62). If p 2,00 and \a\p = \b\p = 1, then (a, b) = 1. In 
particular, if any one of a,b is 1 then {a,b) = 1. (It also worths to include 
the fact (—1, —1)2 = —1 stated at the same place in [5\). 

Proposition 8.5 (Lemma 1.6 in [S]). Assume a G Q*. // 

I 11 / J Vp forp^2 
a — IL < < 

' - [1/8 forp = 2 

then a G {Q*pf. 

The following one asserts that whenever a quadratic form / is p-isotropic, 
it is p-adically universal. 

Proposition 8.6 (Corollary 2 in [5]). An isotropic space is universal. 

Now we give an example. Let fa,b{'^) = u\ + U2 + au\ + bu\ whose 
discriminant is ab and 

Cp(/) = n*^^^' " -^^p*^-^' " ^)p- 

Proposition 8.7. Let a, b be distinct odd primes and put f = fa^b- Then f 
is p-anisotropic if and only if 

(1) p = 00, or 

(2) p = 2, and a = b = 1 ( mod 8) or a = b = 5 ( mod 8 ). 

Proof. When p = 00, clearly the only solution to f(jt) = is tZ" = if so / 
is anisotropic. Hence we assume p ^ 00. 



24 



PARK, JEONGHO 



We first show that (—1, — l)p = — 1 only when p = 2. The case p = 2 is 
mentioned already. If p = 1 (mod 4), —1 G (Q*)^ so (—1, — l)p = 1. When 

p = 3 (mod 4) we have = -1. Let Q = jx G Z : = l| and 

= |x G Z : = — 1|. Observe that every element of Q is in (Q*)^ 

by Hensel lemma. Now (—1, — l)p = 1 <^==^ —x^ — y'^ — is p-isotropic <^==^ 
{-x^ -y^ : G ZjHQ 7^ ^ {Q + Q)^N ^ 0. But 1 G Q, so 

(g + g)niv^0. 

Combining this with proposition 18. 2[ we see that / is ^-anisotropic if and 
only if d{f) = ab E (Qp)^ and (a, b)p = 1 when p = 2 and (a, b)p = —1 when 
p is an odd prime. Assume p 2. If p \ ab then we can choose x, y so that 
ax"^ + by"^ is in Q or + A^. Both of them have nonempty intersection with 
Q, so ax^ + by"^ — is isotropic. Thus (a, b)p = 1 and / is p-isotropic. If 
p I ab, say, p = a then (i(/) = ab ^ (Qp)^ so / is p-isotropic. 

Now let p = 2. Since |a6|2 = 1, a simple observation using proposition 18.51 
is that ab G (Q*)^ if and only if a6 = 1 (mod 8) which is equivalent to a = 6 
(mod 8). Assume that this is the case. Then for a solution x,y,z G Z2 
to ax"^ + by"^ = z^, one has bz"^ = abx"^ + b'^y'^ = x"^ + y"^ (mod 8). By 
homogeneity, we may assume max{|x|2, 12/I2} = 1? say, 2 \ x and = 1 
(mod 8) so the equation reduces to 1 + = bz"^ (mod 8). But 1 + is 
congruent to one of {1, 2, 5} modulo 8, whereas bz^ is to {0, 4, b}. It follows 
that 6 = 1 or 5 (mod 8). When 6 = 1 (mod 8), we may put y = (mod 4) 
and ax^ + by'^ = l + y"^ = 1 (mod 8) so that ax^ + by'^ G (Qs)^, i.e., (a, 6)2 = 1 
and hence / is 2-anisotropic. When 6 = 5 (mod 8), put y = 2 (mod 4) so 
that ax^ + by"^ = a + 46 = 1 (mod 8) and similarly / is 2-anisotropic. □ 

In the context of proposition 18.71 choose a, 6 among prime numbers con- 
gruent to 1 modulo 8 that are sufficiently large so that / cannot represent all 
of { 16, 32, 48, 80, 96, 112, 160, 224 } (in particular, 48 = 2^ ■ 3 ^ + u^). 
Note that f{lt) = A/'q(^)|q(ui + msv^) + ^q{v^)|q(«2 + M4V^)- / is 
locally universal, since A^q^^^^^iq takes every unit value in Zp for p 2,a 
and the same holds for A^q(^3(J)|q in Zp when p ^ 2,b. When p = 2, a and 6 
are in (Z2)^ so / is equivalent to u\ + u\ + u\ + u\ over Z2, which is universal 
by Lagrange theorem. But the discriminant d{f) = ab is sufficiently large, 
i.e., / cannot be equivalent to any one of those forms given in theorem 18. H 
(c). Therefore / is not almost universal. 
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